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The Reduction of Resolution of Weyl module from 
Characteristic-free to Lascoux Resolution in case 

( 6 , 5 , 3 ) 

Haytham Razooki Hassan, Nora Taha Abd 


Abstract — In this paper we study the relation between the 
resolution of weyl module A T 6 = : , F in characteristic-free mode 

and in the Lascoux mode (characteristic zero ),more precisely 
we obtain the Lascoux resolution of K ti 5 r ,F in characteristic 

zero as an application of the resolution of K r 6 = : -,F in 
characteristic-free. 


Index Terms — Resolution ,Weyl module Lascoux module 
,divided power ,characteristic-free. 

I. Introduction 

Let R be commutative ring with 1 and F be free R-module by 
n^F we mean the divided power of degree n. The resolution 
Res [p ,q ,r,t 1# £j] of weyl module Ki a F associated to the 

three-rowed skew-shape 

( p F t ± F t 2 , q -I- t 2 f r)/(t ± + t 2 , t 2f 0) call the shape 
represented by the diagram 


*1 


Q 


r 


In general ,the weyl module A;; U F is presented by the box map 
^ - r* - ft F®0 iJ _ tl _ t F®iJ r F 

© 

A D p Fm q Fm r F K i/St 
£ E> 2 D p F&D q + tj+ i F®D r _ tl _;F 
Where the maps 

£ it> 0 ^_D + ti + k F® D q _ fi _ k F®D r F —>■ F® D, F @D r F may 

be interpreted as K r '~ divided power of the place polarization 

f An 

from place 1 to place 2 (i.e. 3 gz ' ) ,the maps 

£ [>0 D P F®^ +tj+ [F®£V-t 2 - [F —» Op F®D q F ®D r F may 
be place 2 interpreted as F rL divided power of the place 

polarization from place 2 to 3 (i.e. cJ gz "' )[1]. we have to 
mention that we shall use 17^ instead of D n F to refer to 
divided power algebra of degree n . 
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II. Characteristic-Free Resolution of the partition 

(6,5,3) 

We find the terms of the resolution of weyl module in the 
case of the partition (6,5,3) .In general a terms of the 
resolution of weyl module in the case of a three-rowed 
partition (p, q, rj which appeared in [2] are 

Res ([p,q;0]) © D r © £ +L) y Res 

([p,q+l+Ul+i]) © D r _ : _ t ©£ !l£0|[j£[l ^‘ 2+1 - yZ^z 

Res ([p+l t i+1,^+l 3 +1,^ 2 — tj])® D r _i k+li+Z) 

Where x, y and z stand for the separator variables, and the 
boundary map is -f d y + . Let again Bar(M,A;S) be the 

free bar module on the set S={v,y,z} consisting of three 
separators x, y and z, where A is the free associative 
(non-commutative) algebra generated by Z 2t ,Z q2 and Z 21 
and their divided powers with the following relations: 

a 7 (c) 7 ( c^i _ 

£ 32 "31 ^ 21 ^ 32 and Zj 7 ^ ^31 J ^31 ^21 

and the module M is the direct sum of tensor products of 
divided power module D v, @ XL ® D r for suitable p ,q and r 
with the action of Z 2i ,Z g2 and Z qi and their divided powers . 
we will consider the case when p = 6 ,q = 5 , and r = 3 . 
we have 

Res([6,5,0]) © U 3 © Z [M l£ +I3 y 


Res([6,5+/+1;/+1 ]) ©Aj-i-i 0 +13 yla[ 1+i: 2 

Res([6+M+l,5+i 2+1^2 — l i])® _f[ 1+ Ej+2) >S° 

£[EO^ +1) y Res([6,5+/+1;/+1]) 

fs'i 

= Iny Res([6,6;l]) ®D 2 ®Z S1 y Res([6,7;2]) 

© © Z™y Res([6,8;3])® D s and 





7 ( - 2 + D 

-i -i 



Res([6+ ^ l + 1,5+ +1 ? ^2 — L l]) 


( 2 ) 


® -2^1 

= Z 32 y Z 31 zRes([7,6;0])@^ © Z£y Z^ ± z Res([7,7;l])A, 
Where ^ 32 ;y is the bar complex: 0 —*■ Z% 2 y —*■ Z g2 —► 0 


Z<^ v 


IS 


the 


3. 


0 Z^yZ^y Z™ 


Z [2 -v 
£ y 


is 


the 


bar 
■ 0 
bar 


complex: 


complex: 


5 "v 


y — C2) tf ^ ^ (2) 


0 * Z g;2 yZ g2 yZ g2 y + ^ g2 yZ q2 y © Z^yZ^ y 
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— y 


3 


—* 0 and Z gi z is the bar complex: 0 


_ _ 

* Z gi z-*Z 3 1 —* 0 


31 


Then in this case we have the following terms : 

D In dimension zero (Mp) we have U 6 @D 5 @D g 
° In dimension one (M L ) we have 


* Z^-xD s+b ®D 5 ,_ b ®D 3 ;witAA = 1,2,3A5 
*Zg^yZ) 6 ®D s+t ®fl3-a ' wit ^ b — 1^2,3 

D In dimension two (M 2 ) we have the sum of the following terms: 

* Z^ iJ xZ^ 2J xZ3 6+ | & ®D 5 _ b ®D 3 ; with |fa| = fa t + fa 2 = 

13,4,5 


* Z q2 yZ^ xD 6 + b ®D 6 _ b ®D 2 ;with b = 2,3,4,5,6 

* ZgyZ'gxD 6+i ®D 7 _ i ®D i ;with b = 3,4,16,7 

* 2 f- yZ ; { xD 6+ ^ g>D E _ j, ®D Z ;wiih b = 4,5..6., 7.,8 

* Z^ 1 'y Z^ 2 'yD A ®D 5 +\ b \®D 3 _\ b \ ;with b =b L + b 2 = 

2,3 

* Zi b ' yZ 31 zD-.®D 5 + b ®D 2 _ b ;with b — 1,2 

D In dimension three we have the sum of the following terms: 

* zf^ xZ^ xZ^ xD i+ b ©D 5 _| 6 |®D a ;with Jj = b L + 
b 2 +■ fa g = 3,4,5 and b t > 1 

*Z 22 yZ! l b l li xZ 2 b l i: ' xD 6+ | b | &D 6 _ | & | ®Z) 2 |i| = 13! + 

fa : = 3,4,5,6 

and > 2 

* Z^yZ^-'xZ ib f'xD i+ b ®D 7 _| JH ®D t N = b L + 

fa 2 = 4,5,6,7 

and ib ± > 3 


* Z a2 yZ a2 yZ 21 J x£ fi+& ®j[? 7 _ & ®£ L \with b = 3,4,5,6,7 

* yZ 2 ^ xZ^ xD 6+ \ b \ ®D 7 _\ b \®D L ; witA |fa| = 4- 

fa 2 = 5,6,7,& 

and > 4 

* ®A> Jwi'tfec! + c 2 - 
3 and fa = 4,5,6,7,8 

* Z g2 yZ g2 yZ a2 3?Z l 6 ®Dg. 


m 


* Z a:2 yZ a L zZ 2 xZ? 7 ®U t ; ivifA fa = 1, 2,3,4,5,6 * Z g 2 ‘ yZ ai zZ4j J xD 7+ & ®Z? 7 _ ^ ®U C j w ith fa 

* Z M y Z%2 yZ g i ©£ 7 ®Dn 


D In dimension four (M 4 ) we have the sum of the following terms: 

*z2 lJ az2 l3 *Z^iZ2^i£? 4+ | i |8!l^_| t |®/l 3 \with |fa| = 

Sf=i ^i — 4,5 and fai > 1 

* Z^y Z^° xZ^ xZ^ xD &+ y b j ® jD 6 _\ b \ ®D 2 ; with \b\ = 
fa L -h fa? T fa 3 = 4,5,6 

and fai > 2 


2,3,4,5,6,7 
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* Z'^yZ^xZ^xZ^ xD^ b ®D 7 _ & | ®D 1 with b = 
fai -h +■ b 3 = 5,6,7 

127142 ib ± > 3 

* Z 22 yZ 32 yZ± 1 1J Zi"&|®^ 7 -!ff!®^L with lib = 
b L -|- b 2 = 4,5,6,7 127142 b t > 3 

* Z^yZ^ xZ^ xZ^ xD^I^D^^D^ -.with \b\ = 
ib-L -|- b 2 -f ib 3 = 6,7,8 

127142 fai > 4 

* Z^'yZ^yZ^'xz[^'xD 6+ \ b \ ®XJ E _|o| iwitfe c i + 

c 2 — 3 C27142|b| — b L - 1- b 2 = 5,6,7,8 

127142 fai > 4 

* Zg^yZg^yZa^yZ^' xB &+b ®B 2 _ b ®D 0 z with b — 4,5,6,7,8 

* Z q2 yZ 21 z2 2 i ±J xZi * 2-1 xD 7 + j ^j ®D 6 _ b ®B ± with |b[ = 

^1 ~f ^2 ~ 3,3,4,5,6 12-7142 ibi > 1 

*Z^'yZ gi zZ^ 1J xZ^ ZJ xX? 7+ ®B 7 _ b \®B D with |b| = 
ib -l -f b 2 = 3,4,5,6,7 127142 b! > 2 

^Z Z2 yZ Z2 yZ 21 zZ^;xBj +b ®B 7 _ b ®D ia with b = 

2,3,4,5,6,7 

D In dimension five we have the sum of the following terms: 

* Z 21 xZ 21 xZ 21 xZ 21 xZ 3t rI5 11 ©D c 

* Z 32 yZ2* l) xZ2^ ) xZ2^xZ2^xj[? 6 + |p|®XJ 6 _| & | ® J [J 2 \with |jbI = 
Ef =i ib ;■ = 5,6 and 

h> 2 

* Z^yZ^ l3 xZ^ ) *Z^ ] xZ^xI) 6+ |^|®D 7 _|| ? |®/^ \b\ = 

Ef =1 lb ;■ = 6,7 127142’ 

b ± > 3 

* Z 32 yZ 32 yZ 2 ^xZ 2 ^xZ 2 ^XjC) 6+ | & |®I) 7 _| fi |®j[) 1 with |jb| = 
bi-h b 2 +- ib 3 = 5,6,7 and b t > 3 

* with |jb| = 

It =i*l = 7,8 

127142 bi > 4' 

* Z^'yzl* 1 'yZ^ 1 'xZ^'xZ^/'xD 6+ | fc | ®D Z -\- s \®D z ; with c t -f 
c 2 — 3 

127142 |b| = bi 4 b z -|- b 3 = 6,7,8 127112 b t > 4 

* Z^yZ^yZ^yZ^xZ^ 1 -xD 6+ \ b \®D 2 _\ b \®D 1t ; with \b\ - 
b L +- b 2 — 5,6,7,8 127142 ’ b t > 4 

* Z 32 yZ 3L zZ^ l) xZj^xZ 2 ^ :i xr 7+ |p|®I? 6 _| fe |®I ? 1 with |i| = 
bi +■ b z -|- b 3 = 3,4,5,6 127142 b L > 1 

* Z^f yZ^zZ^ xZ^* 3 xZ^ 3 ’ xD 7+ \ b \ ®D 7 _\ b \®B^ ; with |i?| = 
b L + b 2 -|- b 3 = 4,5,6,7 avid b t > 2 

* Z a2 yZa 2 yZg 1 zZ^ 1 'xZ^ 2:i xI? 7+ | & | ®I? 7 _| & |®I? l[ j with |fr| = 
b L -|- b 2 — 3,4,5,6,7 127142 bj > 2 

D In dimension six (M 6 j we have the sum of the following terms: 

* Z 32 yzi j' 1 xZ 2L xZ 3L xZ 3L xZ aL xD lz ®B iQ ®D 2 
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* Z^ xZ^xZ^xZ^xZ^xD^ xZ^" xZ^j 3 XA 2 j_""" J"^6+1 tff _ | &[ ®'^i i 

wifA |fa[ = Sf = i far = 6. 7and b t > 3 

* z[fyZ'£xZ u xZ u xZ 2i xZ il xD u ®D t ®D 0 . Z^yZ^yZ^xZ^ xZ^xZ^xD^&D^ ®D S ; 
with c t + c z = 3and\b\ = Ef-i &.• = 7,8 and b t > 4 • Z 3Z yZ 32 yZ 32 yZ' 2 f lJ xZ^ 2J xZ^'xD s+ & ®D 0 ; 

witft |fi| = fat + i> 2 + fi 3 = 6,7,3 ana fi 4 > 4 mZ^yZ^zZ^xZ^xZ^xZ^xD^ ^ ®D 6 _ !& ®fl L ; 

U-CtA |fa| = £f = 1 faf = 4,5,6 127142 t ± > 1 

* Z -f yZ^zZ^ 1 - xZ 2 f xZ%f xZ^ xD 1+w ® w ®D. ; 

m£A I b\ = Sf = i fa. = 5,6,7 127142 b t > 2 

* Zg^yZg^yZgiZZ-j j 1 XZ^ JfZ? ? + | ^| @U j _ [ ^[ ©ZJjj, j 

u-[Tfa|fa = i L 4 fa? 4 fag = 4 , 5 , 6..7127142 ^ > 2 

D In dimension seven (M 7 ) we have the sum of the following terms: » Z g2 yZ 3: yZ-:J- ! xZ zl rZ :i xZ 21 j:Z zl r J D ig ®D Z ©J^ 

* Z^yZ^yZ^xZ^xZ^xZ^xZ^xD^ ®4» i 

with 4 c 2 = 3 G-7142 |fa| = Xr = i fa. = S G-7142 b 1 > 4 

* ^y Z^Z^y Z<F xZ,f xZ^'xZ^xD 6+ w ®0 8 _| i ,®i) o ; 
with |fa| = fa L 4 fa? 4 fa g = 7,-S and fa A > 4 

* Z w yZ 3 L zZ±f xZ%?xZ^-xZ^xZ^xD im ®D«_ w ®fl L ; 

Vi-E'tfa. fa = Xr = i fa.- = 5,6 G-7142 fai > 1 

*z g2 yZ^zZ^ 1 xZ 21 - jfZjj" xZ 21 * xZ 2l 3 xD 1+ \ b \ ®i? 7 _|fc| ®£> 0 ; 
with |fi| — 2p =1 fi,- — 0,7 and b 1 > 2 

* Z q2 yZ 32 yZ^zZ^xZlfxZ l 2 ^-xZ^xD 7+m ®fl 7 _| i ,®A> ; 

with |fa| = 2f =1 fa, = 5,6,7 G7142 fa x > 2 

D In dimension eight (Mgj we have the sum of the following terms: 


* Z g z y Z g2 yZ g 3 y Z ^ ^ .rZ 2 1 xZ 2 ^ xZ 2 1 xZ 2 1 ©D : ©IL 

t Z g3 yZ g ^zZ 2 ^ jtZ 2 ]^-i"Z 2 ^ xZ 2 ^ -vZ 2 ^ j^Z z ^ 

* Zg j* yZ gi zZ^ i"' rZ 31 .i'Z 2 t xZ 2 i xZ 2 1 xZ 2 L JrZ? 14 ®D C 

.^yZ^yZ^zZ^ 1 'xZ^Z 2 f'.rZ xZ^xD 7 + 1 6 | ®D-- Vo] m z ; 
Vi-E'tfa- |fa| = Sf =t fa,- = 6,7 G7142 fa t > 2 


Finally In dimension nine (M ? j we have 

*Z g 2 yZ g2 yZ g ! zZ ^ xZ 3 L xZ 2 L xZ 3 ]_.t'Z 2 ixZ 2 ! @Z? z ©U c 

In [2], it is necessary to introduce a quotient of bar complex modulo the Capelli identities relations ; the proof these relation 
are compatible with the boundary map cL 4 d v 4 cL is complicated [2] . 

i 


III. Lascoux Resolution of the partition (6,5,3) 

The Lascoux resolution of the weyl module associated to the partition (6,5,3) looks like this 
D 2 F ®D 4 F &D 2 F DjF 3D^F &D 2 F 

0 -* Dc r F t $D 5 F , $D 1 F -* © © -* D s F&D 5 F&D q F 0 

DjF ®D S F ®D t F D 6 F ®D 6 F £D 2 F 

Where the position of the terms of the complex determined by the length of the permutations to which they correspond .The 
correspondence between the terms of the resolution above and permutations is as follows: 
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D 6 F$D 5 F$$D 2 F identity 

DzF&DjF&DxF ** (12) 

* (23) 


d 6 f®d 2 f®d & f 


D a F®D 2 F®D^F « (123) 


D i F -3D S F 3D 7 F 


D L F^D 5 F^D a F +* (13) 

(1323 

Now ,the terms can be presented as below following Buchsbaum method [1] . 

- 1 J n = 

M t = A± + 

^ i : - = .-j 7 -|f B 2 

j > il 7 — i 3 “I” jBg 

Mj = B: ; for j=4,5,6,7,8,9. 

Where A s are the sums of the Lascoux terms and the B s are the sums of the others. 
Then the map can be defined as: 

If we define this map as follows: 

j where v G Dc. © J7 3 © 


c ^ i B ^ ^ A ^ 


* Z-? iM ► - Z 2 H.r-Sn i (i?) 

±1 7 “■ A A 

d 3 

* Z 2 C f x(v) I ^ J Z 2L xd^ (l:-3 

* ► -Z 2 ]_xd^ (v) 

hm JL .i j- i X, 

D 1 © D 2 

* zlf i(i?3 1 — ► -Z 2 ^xd 2 f (i?3 

ii JL z — A — JL 

® D 3 


(a) 


n *. id J / " l i ^ jry q s . — J 

* Z 3 I -2 a2 y5 ai tv) 


;where v E D 9 © D 2 @ B 3 
j where i- G D 1Z © 

j where v G D n © 

j where i? G D 6 © © 


A 


We should point out that the map satisfies the identity : 


- 7 i 


(3.1) 






+ Ap — 



Where by A we mean the component of the boundary of the fat complex which conveys A i to A c . We will use notation 

> &Ai- ± Bi etc .Then we can define as cf = iS^ , , .It is easy to show that which we defined above satisfies 

(3.1) ,for example : 

(^i!^ = S AlAa (^Z 11 xd 21 (.vy) = 

J(fliA») = 4 :I W = (z‘f *«) 

At this point we are in position to define d 2 : A^ A x as & 2 = S A A -f i 5^.. 5 
Proposition(3.1) 

The composition ° & 2 =0 

Proof: [1] ,[3] 

dj - d 2 (a) = S AlAn ° (a^ (a) 4- a L » S AiBi (a)) 


57 


www.ijeas.org 



The Reduction of Resolution of Weyl module from Characteristic-free to Lascoux Resolution in case (6,5,3) 


= G Ai a , i ° S AlAl (a) + 6 ^ ° ■?! ° S AlBl (a) 
but S A ^ ° we have 

° d 2 ( o) = S AiA2 o S AzAt Co) + S BiBa d Co) 

Which equal to zero because the properties of the boundary map 5 [ 1 ] ,so we get that = 0 
Now we define map & 2 : B 2 ^A 2 such that 

S A zAl + °L ° = C^i + °1. ° D 

We define this maps as follows: 


* Z 21 xZ 2 L x{v) i—► 0 

* Z'^ XZniX I—► 0 

ill 

* Z 21 .X'Z : J' .r(•!:•) i—► 

0 

® D 2 © 


*Z^ j xZ 31 jtW i—j 
0 


7 (2) v 7 (2) 
"21 Jil 2i 


0 



® D 2 


* Z 2 iXZ^ x(.v) i—^ 0 

* Z z f xZ 2 ! X Cl?) I—► 

0 

Du © D# © Dj 


* i * 

0 

Dn © D d © X? g 



■^n ® ® 


* Z 31 .rZ x(;v) i—^ 
0 

■^11 ® 


where r t © D q 

ywhore v E X? ? © D 2 ® D g 




; u- here v t 


;wJwre i? t 




; where v t 


; where 1 v t 


; where v t 


; where v t 


2i► 

Jl'^l Cv) 

^•'.rCr) i—+ 
jfx^f-'CO 
D 7 © D 2 

I =* 


1?. 


ZgjyZ-i^'.rCV) i—► 

D 12 ® Dn ® JJj 


; wh&re v t 


: w here v t 


iwhere V t 


;wJiere i- G 


( 3 . 2 ) 
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32 

( 2 ) 


^Z 31 yZ 21 *93! (*0 + ^Z a2 yZ 2 

; whffn? v G D g ® D 4 © D 1 


— (23 ~ U) ,r- 

• Zgj yZ^ xh?) 
( 2 ) 


^ ,n n .“I , r " "'i , ^ ™ ri i l) q _ q _■ 

-Z^yZ 21 xd 21 3 31 CvJ 4- —Z 31 yZ s± xd n d 32 (v) 


£ •= ,i 12 


] W \l9T9 1? t D 1Z © jD g © I?! 

TJ (2) ™(53 r -V 1 n. -,( 2 ) 3(2)3 f -V 

* 2 ai y^2i »-*■ —*9^ - 

; v G Z? n © D z © 


32 


- ^ ^32^31.^21 W - 

1 jrj wyi Z . 1 3 ( 4 ) 3 JT- % 

— Z-i^VAni XCh, £?□ - Lrj 


;w7iffre v t D 1Z © I?! @ D 1 


Z^yZ^'xiv) 
~zZ^yZ 21 z 
D L2 © D z © D] 


* Z g n3’Z g ny(..' 


0 


; vv frera r t 


;Mr T Affre 1 ? t Z5 6 © D 7 © 


Z ' 3 " vZ ' 4J rtV) 

j-j 17 _}■ ■“ 21 

1 ™( 2 ) 3 ( 2 )^ -V i r-r ( 2 ) 3 ( 2 ) 3 ( 2 ) r 

~Z 31 yZ 1L xd SL trj --Z aj yZ 21 xd 1L d 3I (vj - 
- Z 3 2'yZ- 31 zd 21 d 32 (uO 


; whm'e v E D 1Z © D 4 © D z 


rrW'i 

* Z g2 


L _ _( 2 ) 3 ( 3 ) 3 ( 2 )^ 

yZ 21 -xti?J l-»— Za2.y^21 ^21 a 32 wO - 


- Z M yZ 3i z5^ Sjj ( 17 ) ; where v G D LL © Z? 3 © Z} D 


* z ai yZn'xM M^Z B yZaj4 CO +^Z»yZ 21 ^ <0 +^^3 2 3 r ^f^jf^fW 

; i- G D 1Z © D 2 ® D z 

• ZgfyZ^ iM 1 — ► — Z 32 yZ^ J d^ J GtO +■ —Z^yZ^xd^ 4 ' d gz 3 gL (a?) ,; where v E Z) L3 ®Z) L ®Z) 0 


* z ify z ' 2 f ^ •-» -^lW 


; w here v E D 14 © D 0 @ D z 


* Z 32 yZgJ- y(,v) 

0 

^£ © 

* z'£ryZ i2 y{v) 

0 

^6 © © ^3 

* Zgf yZ 3L zM 
— Zg2y^3i^^32 


jwhsrG v t 


v t 


V- t 


£?^ © D- © Z?n 

It is easy to show that a 2 which is defined above satisfies (3.2) ,for example we chose one of them 

: i v her& v G 


( 2 ) 


(^Ai + y 7 ai z(i?n 

D- ©D 7 ®D z 

= ff L Czi? J y^ :L Cv )3 - z 2 L xd^f (V) - Hi(zif 
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and 




Proposition 3 .2 
we have exactness at .4,- 
Proof: See [1] and [3] 

Now by using we can also define d 3 : ,4 3 —* j4 2 by d 3 — "b ^2 

Proposition 3.3 

D = 0 

Proof :the same way used in proposition (3.1) 

we need the definition of a map u 3 : S 3 -* .4 3 Such that -h S Bs ^ = (&a s a 2 -h $2 ) ff a (3.3) 


As follows 


Z 2 1 xZ 21 x Z 2 1 (tO 1 —► 


0 


[where v E D 9 ®D 2 ®D 



l where v E £J 1 :; ®D L ®D ; 



0 


[where v E 



0 


; where v t D 1Z ®D 1 ®D 



; where v t D n ®D z ®D 



0 


[where v t Z? n ®,Dn ®D 



0 


[where v t D n ®D z ®D 
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zi ! ■ xZ i r J xZ - iiM 


0 


where ^eD u ®jP; 


-T f2) ~ 

21 

o" 




wJiere i? e Z5 ±1 ®D r ®D 


f , 3'i ran ,■ 

Z^.rZ^-.rZ^' iM 
0 


;wftere i 7 E jD l1 ®D 3 


^32 y^2i 

0 


21 


; where 17 E ZJ g @jD 3 ©U 2 


r:g\ 

^ 323^21 -*-^21 
0 


; where 17 E D 12 ®D 2 ®D 2 


Z^ 2 -y Z ^ 1 ■ .xZ ^■ x (i:0 

3 '«■ - .A 1 ll j. 


0 


where 17 e £? 1C ®D 2 ®D 2 


Z a2 yZ xZ 2 L i'(l:0 

0 


; where v e D n ®D 1 ®D 2 


Z^yZ'^' xZ'^'x(v) 

0 


; where 17 e £? 1;L ®P 1 @Z? z 


Z 3 2> p Z2f xZ^-xW 

0 


; where 17 e I?!! ®D!®D 


Zgj^yZji' rZ 21 

0 


; where 17 e D i: @I? : ©D z 


ZgsyZ^f xZ£-'x(:v) 

0 


; where 17 e D 1Z ®D z ®D 2 


Z 32 3 r Z 2 1' -*'Z 2 j'.rCi : 0 

0 


; where 17 e U i: ©D : 


Z 3 2yZ^-xZ^-xCi7) 

0 


; where 17 e U i: ®D z ®D 2 


Z 32 yZ^xZ 21 xfa?) i * 

0 

* Z-j 7 yZ^ xZ 2 !i—► 

“ ^32 31"^Z 2 j_"^"^^1. 


; where 17 eD i: ®D q ®D t 


; where 17 e D n ®D 2 ®D t 
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™ ( 2 ? ~ (a? ry ( 2 ? y \ 1 ry ry ry a (a) f > 

Z 32 yZ 2L 5 :Z 21 i— ► -Z a 2 yZ 31 zZ 21 _;tfl^ L uv 

j u-’Affre 1 i- E !?ii ®D Z ®Di 

n — - ■ ry 5 J .n / \ 1 * .ry jy jy ^ '.4.^ *. 

Z 32 yZ 2L .i:Z 2 J ■— * —Z^yZ^izZ^xu^ 

; u- here v E D 1: ®Di®Di 

- (2? .ry (4? «(2) f % 3 _ _ 3 (4? r 

Z 32 yZ 2L jrZ 2L arcp/ ^ -Z a 2 yZ aL zZ 2 L 5:# 21 

j ivAffre 1 ? E D 1: ®Di®Di 

-i-p _ . ' ry I J ry C — j" \ r-p j-p .i-p a n .4J / "*■ 

Z gz yZ zl xZ zl xh:-J ■—► Z g 2 yZ gi zZ 21 xD zl Iv) 

; u- here v E D 1Z ®D t ®Di 

.ry ( 4 ^ jy ( g E^ jy / % .ry jy jy ^ 5? /" "'j 

Z 31 y z 2 i xZ^xiv) M -—Z 31 yZ 31 zZ 1L xd 31 ip) 

; where v E !? ig ®D Z ®Di 

™i2? ,ryl 5? ™(2J f -K 1 ry ry ry rj \ S^JT - 

Z 32 yZ 2L xZ 2L xk.v) 1 —* -Z a2 yZ aL zZ 21 i# 2t m 

5 

; u- here i- E D ig ®D Z ®Di 

iy (2? ™ (4? r-p (a) JT- -.j 7 ry ry ry ^ J > 

Z 32 yZ 2L xZ 21 x{v) 1 — j- -Z a2 yZ 3L zZ 21 OT 21 LpJ 

; where v E !? ig ®D : ®Di 

ry (2? ry (3? ry (4) j" > 7 ,— _ _ jf > 

Z 32 yZ 2L ^cZ 21 :► -Z a2 yZ ai zZ 21 i# 21 IvJ 

; whffre 1 v E D ig ®D Z ®Di 

Z g2 yZ g2 y Z z f i(v) *—► 

; vt- here v E D 9 ®D 4 ®D L 

Z g2 yZ g2 yZif r(V) 1 —► 

;v^Affre r E D 1; ®!? g 

®!?i 

Z 32 yZ 32 yZ 2 f .v(i?3 n — + — ^Z 32 yZ 3L zZ 21 jrd 2 '^ (iO 

; where v E D ii ®D Z ®Di 

^aay^y^jf . iW •-► - ^:Z 3a yZ 3l zZ 2i _xdjf (v) 

Lu 

[where v E D 1Z ®!?i®!? 

n n .p« C 7j jt" % ^ n « n « ®. 5 J ^ 

Z g2 yZ g2 yZ 71 11 —^ — ^^33y^3i“2i™2i W 

; where i- E !? ig ®D Z ®D 

Z^yZ 2 ^iZ 21 xCp) ► ^Z 12 yZ 2L zZ 2L xd 2 ^ 

— 


Z g2 ^32 M 


* Z^ 2 yZ 2 ^ xZ 2 L .vb?) »— * — -Z^ 2 yZ 21 zZ 21 xd 2 f d gi (i?) where v E D U ®D 2 ®D® 


j w here v t D n ®!? g ®D Z 


(a) 


,r-p (IS) —f ( 4 ^ ,i-p (S) / ,r-p ry ry ( 3 ^ .-i /' % 

* Z 32 yZ 2L xZ 21 x{v) i — i* — -Z a2 yZ ai zZ zl xcl zl £? g t iv) — 


(a) 


Z 32 yZ 31 zZ 3L x& 21 _ d g2 (i?) 


; where v E D 1Z ®!? 2 ®D Z 


yZif xz 2L x(v) 

0 


vCa? „.Cs) ,,(2? s \ 
* Z gz yZ zl xZ :i .rLi-J 


;wAffre i? t Dig®!?!®!?" 

— - Z a2 yZ a L zZ 2 i.r9 z 'i' 9 g x (V) ; wA pts a e !? ig ®D L ®D 0 


a 

■n 


ITT Ca) ry r-p (a) JT- -r 2 _ (4) _ r- V 

*Z 32 yZ 2i xZ 2 xiv) ► --Z a2 yZ ai zZ 21 rd z , d 31 Iv) - 


q ^32lV^a L Z ^21^21 ^32 W 


rf I . ' .ry ^ r-p / \ ^ .ry ry .ry ^ . 5 J ^ ^ '. 

* Z 32 yZ 2L xZ 2L x^J * — Z a2 yZ 3L zZ 2t rD zl d gi ^J 

'- 3 ? -r 6.' -r . Z.‘ f ry ry .ry rj . Z J 3 S \ 

* Z 32 yZ 2L xZ 2L ilvJ *— ► —Z 32 yZ gi zZ 21 xp zl o gL u?J 

- "" b 45 i_ 


-r 3? -T ( 5? -r 3J ,r ■* 1 — "T r-p 5) .-r / '■ 

* Z 32 yZ 2L iZ 2L xw) 1 — ► — Z 32 yZ 31 zZ 2L id zl 0 gL Ci?J 


(5? 


; i- t !? ig ®Di®D : 

; where v E D 14 ®!? 2 ®D Z 

; w here i? E D^®!?:; ®D Z 

; wAffre v E D^®!?-; ®D : 


* l£ yZ 2 f xZ 2 f 1 ( 1 ?) 1 — ► —- Z 32 yZ a L zZ 2 ]_xd 2 f 3% L M : wkffre u E Z? L4 ®D[j ®!? l[P 


Cs? 


* Z 32 yZ 32 ^ yZ 2 ^ i— *■ — -Z a2 yZ ai zZ 21 Jt^ 2 ^^ 2 (V) wAare v- E D LCl ®D 4 ®D 0 


(2) 


* Z 32 yZ 32 ^yZ 2 ^5:M ^ — - Z 32 yZ 31 zZ 21 jrd 2 ^^ L (v) j where i:’ E D LL ®D 3 ®!? 0 


( 2 ? 
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z^z^ 1 yz 2 f x(v) 


o 


; where v E D 1: ©D : ©D* 


ZxiyZn y z 2? 


o 


* Z 12 yzlf yz£ x(v) 


; whet'e v E D ig ©D^D* 

- ~ Z 32 ;yZg L zZ 21 x&^ $3 j_ (v) where u E D L4 ®D 0 ®D 0 


Zg^yZ 32 yZ^ - r M ll— ^ — “Z a2 yZ 3L zZ 21 id 2 ^^ 2 W j where v E D ll[f ®D 4 ®D, 




( 2 ) 


•Z^yZ^yZ- 
- Z a2 yZ 31 zZ 21 iA^ L J M 


(3) 


Z aS^B ■ "3 ■ 

3 2 yZ 3L zZ 21 I | 0 E1 P g 


r« ilJ >ri rm & J / % ^ j-» .!-■ ri .n . I c q N n 

•Z 3I y^asy^n •-► — 2a 3 y2 31 zZ 21 i^. 1 ^tu'J + 


M 


(3) 


<n .rp j, j . 4J ^ 

— Z 32y4i 3 L ZZ 2i-f-Kj j_ CJq 


j where l- E D n @D g ©D» 


; w here v E D 12 ©D z ©D-, 


* Z S2 y z 32y z il •-» ^Z as yZ 3] _zZ ai xd 1 ^ 5g 2 M +- 

—Z a2 yZ gl zZ 2 iJ:3 2 i d 3x ‘-.i’J 


; where v E D ig ©D A ©D : 


z ^ J yZ^yzjf x(.v) 

D 1A ©D. ©Dr, 

* Z g2 yZ g2 yZ g2 yCi:-j 

0 


0 


; w here i- t 


; where v E D 6 ©D E ©D C 


Z g2 yZ g t zZ j l" i(v) 1 —* 

^ Z 32 yZ 31 zZ 2L .r^ 2L (i0 ; vc here v E D 9 ®D 4 ®D L 

* Z 32 yZ 3L zZ^ . ! x-(rj i— ^ - Z g2 y Z gi zZ 21 .v-3 2 ^' :i (v) \ where v E D ld ®D g ©D L 


* Z 32 yZ a izZ^f" :r(iO ■— ► — Z 32 yZ ai zZ 21 5:^f^M : where v E D 1L ®D 2 ®Dj 


Z g2 yZ g izZ z ^’.r(i : 0 

0 


; where v E D l: ©D 1 ©D 1 


Z g2 yZg ! zZ 2 f -t'W !•—* 

0 ; where i? e D ig ©D c ©D x 

* Zg^yZ 3L zZ^:rfo} ► “Z 3 2 yZ ai zZ 21 .rct, L -^ 2 (v) -f 

;Z g2 yZ gi zZ 21 xS gi (V) 


™(2) ry .™(3) r 

* Z 22 yZ 3 izZ zl xKvJ 


.ry (2) ™ (A) 

*Z 32 yZ 31 zZ 21 


- Z a2 y Z-j L zZ 2 ixd 2 j. ^ i Cv) 

6 

— ZgjyZgLZZji^djL ^ 2 M 


; where v t D g ©D 5 ©D» 

; where v E D 1: ©D 4 ©D : 

; where i- E D n ©D g ©D» 


* Z'“yZg^zZ^f .r(i0 ^ ^Z 32 yZ aL zZ 21 xd^-5 gL M -h 


(5) 


M ^32 y^3 L Z ^21- 1 '^ 1^ ^2 t 17 ) 


j where i- E D 1: ©D : ©D : 
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* ^ ^Z a2 yZ 31 zZ 2L ^^^ 1 M -f 

— Z 32 yZ gi zZ :2 i ' Sg 2 ( v 3 


; whore v t D ig 


Z^yZ 21 zZ^ x{v) i— 

0 j w he?' & v E 

* 

ZgnyZgn^yZgiZCl :-- 1 I-► 

0 :,whe?'e i- E D 7 ®D 7 ®f) 0 

Again we can show that u g which defined above satisfies the condition (3.3) ,and we chose one of them as an example 

* ( e B 3 A 2 + xiv)'} ; where v e 

I? 11 ©■f?! 


a 2 (ZZ' 12 yZ :f * M >- a 2 (Z ;g2 yZ ' 2 f xd 32 M3 - 
[7 2 a 32 yZ^fra 3i M3 T E7 2 (Z 32 yZ 32 ya^ J M3 

2 „ ™ (2) 3 (2) 3 s -K 2 _ _ 3 (4) s -K 1 ~ ™ (2) a (a) 3 1 -T -T (2) 3 (2) 3 s % 

= — Z Ziy Z 21 xd 21 4lM M -“^32^21 xd 21 ^2 M “ "^yZ^ xd 21 

= z i 2 y ?z 2 i xd 2 i An M - ;Z 32 ;yZ gi za zi M - 

i m fa) 

— Z 32 yZ zl xd zl t% 2 (vj 

1 U ra ” 


and 


(, s a 3Ai + Z^yZ^zZ^xd^ (t>) ) 


y _ _ . 7 J a (a^ f 1 ry ry 2 J 3 3 .3) f' \ . 

= ^{—Z s± xZ 2± xd^ d IL CxOJ -— Z ai yZ 1L x3g 2 d 21 Ci?J 4- 

Z 3J y - 1 35 y d 21 d 2 l' to) - 


—■ Z a2 yZ a izdlf (i?) 

Xu ®* v 3 A i 1 


^ (Z aj yZ 31 z(p)) - ^2 a! y3 g j 3 :l (0 - 

Z 2L xd a f CO - Z a2 yd a2 (v) 


finally, we defined the map d , by 


0% C2 3I yZ 31 z2 21 .fCO} = Z aj ;yZjf xtJ^j CO 4- 
Za 2 yZ a iZD : i M 


= -— z 

ic 

2 


32.-' 


(2) 

yZ ?1 xd 2 , o 


32 


Z a;2 yz 


31 


SdgfCO 


CO - — z^yzifxdlf - 

1C 


So from all we have done above we have the complex 



(3.4) 


Where d,- defined by: 

• d i U 21 OO ) = d 2l (v) 

• d i ( z 32 y <0 ) = d 32 (rj 

dj (Z a2 yZ^ x( L v)'} - ~ Z 2 ]_x& 2 ldg; CO 4- 

• "21-^21 ! — "gj 3 J ®;i 'O 


proposition 4 

The complex 

5 3 d 2 5i _ 

0 '* ^ ^ j ~ j i ^ 4[j * ' 6 , 5 ,a} ^ is exact. 

Proof: see [1] and [3] . 
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